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A B S T R A C T

An improved variational nodal method is presented for the solution of the three-dimensional (3D) steady-state
multi-group neutron transport equation. The variational functional is constructed that reproduces the even
parity neutron transport equation with isotropic scattering. 3D orthogonal polynomials are used to approximate
the spatial flux distribution within the nodes and across the nodal interfaces. The angular discretization utilizes a
3D even-parity integral method within the nodes, and standard spherical harmonics (PN) on the interfaces. The
generalized partitioned matrix (GPM) acceleration is derived and performed to speed up outer iterations of the
transport formulation. Examined against three sets of TAKEDA benchmark cases, the integral method exhibits
superior accuracy and efficiency than the standard VNM approach. In addition, the GPM method presents re-
markable acceleration to outer iterations when tested on the 3D PWR problem. The joint employment of the
GPM method and the PM method yields a gain of over 20 in the response matrix solution time.

1. Introduction

The Boltzmann transport equation (BTE) is the essential governing
equation in the reactor physics field. It is routinely used to describe the
statistical behavior of neutrons interacting within the mediums inside a
three-dimensional (3D) nuclear reactor core (Lewis and Miller, 2010).
The equation is expressed with seven-dimensional phase space of in-
dependent variables (Welch et al., 2017). Among the seven variables,
the evolution with time is neglected for the steady-state condition;
meanwhile the complex continuous energy dependency and the het-
erogeneous geometry are generally accounted by group-collapse and
spatial homogenization schemes to obtain homogenized few-group
cross-sections (XSs) over coarse nodes (Buchan et al., 2015). By doing
so, the resulting steady-state multi-group neutron transport equation
(SMNTE) requires way less effort to describe the space-energy domain
than the exact BTE, thus can be solved fairly cheaply. Even so, when
accounting for large and geometrically complex nuclear reactor core
designs, solution of the SMNTE remains a significant challenge even for
contemporary state-of-the-art numerical algorithms (Welch et al., 2017;
Schunert et al., 2017).

One of the widespread approaches employed for the solution of the
SMNTE is the variational nodal method (VNM). The method aims for
the weak form solution of SMNTE and has marched its long journey
through the beginning of 1990’s (when it was initially implemented in

the VARIANT (Smith et al., 2014) code) to date. In theory, the tech-
nique was derived basing on the functional for the second-order neu-
tron transport equation, to which odd-parity Lagrange multipliers are
appended to enforce nodal balance. Viewed as one typical response
matrix method, the VNM is performed in sequence by a) constructing
the response matrices, and b) solving the resulting response matrix
equations in iterative manners. For diversified application purposes, it
proves to be compatible with a variety of discretization methods, such
as orthogonal polynomials in space with spherical harmonics (SHs) in
angle (Lewis et al., 1996), finite sub-elements in space with SHs in angle
(Smith et al., 2003; Zhang et al., 2017a,b), or finite elements in space
and discrete ordinates (SN) in angle (Schunert et al., 2017), etc. Besides,
the VNM can achieve straightforward p refinements in both space and
angle with ease, making it a powerful tool for comprehensive uses. Over
the years the VNM has witnessed success in abundant neutronics codes
such as ERANOS (Allen et al., 2011; Talamo et al., 2011), RATTLESN-
AKE (Schunert et al., 2015; Wang et al., 2017), NECP-Bamboo (Liang
et al., 2018), VIOLET (Wang et al., 2017), PANX (Zhang et al.,
2017a,b), etc.

Recently, advancements in computing resources have motivated
attempts of high order PN simulations in place of the classical diffusion
approximations (Baudron et al., 2014; Jamelot and Ciarlet, 2013;
Anistratov et al., 2017). However, high angular orders come at prices of
excessive computational costs (Yang et al., 2001). For the VNM, a

https://doi.org/10.1016/j.nucengdes.2018.07.009
Received 26 May 2018; Received in revised form 6 July 2018; Accepted 6 July 2018

⁎ Corresponding author.
E-mail addresses: zhangtengfei@sjtu.edu.cn (T. Zhang), hongchun@mail.xjtu.edu.cn (H. Wu), caolz@mail.xjtu.edu.cn (L. Cao), yunzhao@mail.xjtu.edu.cn (Y. Li).

Nuclear Engineering and Design 337 (2018) 419–427

0029-5493/ © 2018 Elsevier B.V. All rights reserved.

T

http://www.sciencedirect.com/science/journal/00295493
https://www.elsevier.com/locate/nucengdes
https://doi.org/10.1016/j.nucengdes.2018.07.009
https://doi.org/10.1016/j.nucengdes.2018.07.009
mailto:zhangtengfei@sjtu.edu.cn
mailto:hongchun@mail.xjtu.edu.cn
mailto:caolz@mail.xjtu.edu.cn
mailto:yunzhao@mail.xjtu.edu.cn
https://doi.org/10.1016/j.nucengdes.2018.07.009
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nucengdes.2018.07.009&domain=pdf


higher PN order increases not only the total number of DOFs but also the
size of response matrices, inducing prohibitive storage occupations and
computational time. As a result, acceleration methods tailored to the
VNM have been studied extensively over the course of last decades: the
nonlinear diffusion acceleration method (NDA) (Wang et al., 2017), the
block-diagonalization approaches (BD) (Yang et al., 2001; Li et al.,
2017), the partitioned matrix algorithm (PM) (Carrico et al., 1992), the
integral method (Smith et al., 2004), etc. The NDA was designed mainly
for the first order transport formulation with unstructured meshes and
is beyond the scope of this work. The BD approaches delicately utilized
techniques such as the variable-transformation algorithm (Yang et al.,
2001) or the symmetry group theory (Li et al., 2017) to convert re-
sponse matrices into block-diagonal ones which require less computa-
tional efforts. Even though the methods proved well suitable, the the-
ories are difficult for replication. The legacy PM algorithm yields
favorable acceleration to inner iterations, but is hardly effective to
outer iterations. For this reason, Li extended the PM method to outer
iterations in diffusion calculations (Li et al., 2015). In addition, it ap-
peared that considerable savings in forming response matrices can be
achieved by employing the integral method (Smith et al., 2004), in
which the within node angular dependency are treated with a SN-like
manner. The formulation of this approach, unfortunately, was confined
merely to two-dimensional (2D) problems with finite element spatial
trial functions.

In this work, we propose an improved VNM for the solution of 3D
SMNTE, that provides more accurate and efficient solutions to practical
nuclear reactor problems. The integral method is derived within a 3D
framework to construct response matrices cheaply. Orthogonal poly-
nomials in space and spherical harmonics in angle are employed for the
Ritz procedure. In addition, a generalized partitioned matrix (GPM) is
formulated upon the transport solution process, resulting in remarkable
acceleration to the outer iterations. The work is verified using a series of
benchmark cases, and the cost-accuracy trade-offs are compared.

The following contexts are organized as follows. In Section 2 the
variational functional of the 3D integral method is derived, and the Ritz
discretization is performed to formulate the response matrix equations.
At the end of Section 2, the GPM method is elaborated. In Section 3, the
VITAS code (Variational-Integral-Transport-Analysis-Solver) is em-
ployed to examine the accuracy and the efficiency of the proposed
methods, using the TAKEDA benchmark cases (Takeda and Tamitani,
1988) and the 3D PWR problem. Section 4 briefly summarizes the work
and points to possible directions for further researches.

2. Theory

The three-dimensional variational nodal method is based upon the
within-group transport equation with isotropic scattering (Smith et al.,
2014):

 + = +r r r r r rψ ψ ϕ qΩ Ω Ω· ( , ) Σ ( ) ( , ) Σ ( ) ( ) ( ),t s (1)

where rψ Ω( , ) is the angular flux at position r in direction Ω; rΣ ( )t and
rΣ ( )s are the macroscopic total and scattering cross sections, respec-

tively. The group source rq ( ) is represented as the contributions from
scattering and fission:

∑ ∑= +
′≠

′ ′
−

′
′ ′r r r r rq ϕ k χ ν ϕ( ) Σ ( ) ( ) Σ ( ) ( ),

g g
gg g g

g
g gs eff

1
f

(2)

in which the scalar flux is given by

∫=r rϕ d ψ Ω( ) Ω ( , ). (3)

Note that to remove factors of π from these equations, ψ has been
normalized as π4 times the standard definition, and dΩ such that

∫ =dΩ 1 (4)

.

2.1. The variational nodal formulation

As is routinely used as the basis of the variational nodal method
(Lewis and Miller, 2010), the even-parity form of Eq. (1) is derived first.
The even- and odd-parity components + rψ Ω( , ), − rψ Ω( , ) are defined by

= ⎡
⎣⎢

± − ⎤
⎦⎥

± r r rψ ψ ψΩ Ω Ω( , ) 1
2

( , ) ( , ) .
(5)

Subtraction of Eq. (1) evaluated at Ω and −Ω yields:

∇ + = +− +r r r rψ ψ ϕ qΩ Ω Ω· ( , ) Σ ( , ) Σ ( ) ( ),t s (6)

and

 + =+ −r rψ ψΩ Ω Ω· ( , ) Σ ( , ) 0.t (7)

Eliminating − rψ Ω( , ) between Eqs. (6) and (7) yields the desired
even-parity equation:

 − + = +− + +r r r rψ ψ ϕ qΩ Ω Ω Ω· Σ · ( , ) Σ ( , ) Σ ( ) ( ).t
1

t s (8)

For brevity we suppress r and Ω in the unknowns in the following
derivations. The functional form following a procedure detailed in
earlier work is represented as

∑=+ − + −F ψ ψ F ψ ψ[ , ] [ , ],
v

v
(9)

where the problem domain is the superposition of the nodal volumesVν.
Specifically, the functional can be written as (Smith et al., 2014):
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In local coordinates, the nodal volume is defined within
− ⩽ ⩽x x xΔ /2 Δ /2, − ⩽ ⩽y y yΔ /2 Δ /2, − ⩽ ⩽z z zΔ /2 Δ /2; nu are the
outward normal to lateral interfaces. Requiring this functional to be
stationary with respect to variations in +ψ within Vv yields Eq. (8) as the
Euler-Lagrange equation. Across the interfaces, −ψ is defined to be
continuous; requiring Eq. (10) to be stationary with respect to varia-
tions in −ψ yields the conditions that +n ψΩ·u be continuous across the
interfaces.

2.2. The discretized functional

The following section elaborates the discretization of the nodal
functional given by Eq. (10). Within the node, the spatial distribution of
the even-parity flux is approximated by

≈+ r f ψψ x y zΩ Ω( , ) ( , , ) ( ).T (11)

indicating the scalar flux expanded as

=r f ϕϕ x y z( ) ( , , ) ,T (12)

where the scalar flux moments are defined by ∫=ϕ ψd ΩΩ ( ) . Denote
f x y z( , , ) as the vector of orthogonal polynomials, with the length of
Nv, and

∫ =f f Ix y z x y z dV( , , ) ( , , ) .T
V (13)

in which IV is a diagonal matrix of dimension Nv and the diagonal terms
equal the volume of the node. Within a node, the cross sections are
homogeneous in all three directions. Compared with the standard VNM
(Lewis et al., 1996), the distinctive feature of this method lies in Eq.
(11), where angular dependencies are included in the expansion mo-
ments in an implicit way, rather than in the trial functions. As will be
shown in the results section, it eases the computational burden caused
by inverting large coefficient matrices. The odd-parity flux is approxi-
mated on interfaces by

T. Zhang et al. Nuclear Engineering and Design 337 (2018) 419–427

420



≈ ⊗ =−
− ± ±r Y f χψ x y z u x y zΩ Ω( , ) ( ) ( , , )| , , .u u
T

u
T

u, (14)

The angular distributions are approximated by −Y Ω( )x, , −Y Ω( )y. ,
−Y Ω( )z, , i.e. odd-parity spherical harmonic vectors containing both sine
and cosine terms, with the polar angles measured from the outward
normal on each of the surfaces. ±χ u is a vector constituted by expan-
sion moments of interfacial odd-parity flux. To facilitate the following
derivations, we define the dimension of ±χ u to be Ns.

Inserting the trial functions of Eqs. (11), (12) and (14) into Eq. (10)
yields the discretized functional:

∫
∫

= − −

+ ∑

ψ χ ψ A ψ ϕ I ϕ ϕ I q

ψ E χ

F d

d
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Ω Ω

[ , ] Ω ( ) ( ) ( ) Σ 2

2 Ω ( ) ( )
γ

T T T

γ
T

γ γ

s V V

(15)

Denoting = ⋯diagΣ [Σ Σ Σ ]t t t t and = ⋯diagΣ [Σ Σ Σ ]s s s s , the
matrices containing integrals over the spatial trial functions are defined
in Table 1 and are evaluated using numerical integration procedures.

2.3. Even-parity flux solution

Requiring the discretized functional, Eq. (15) to be stationary with
respect to variation in ψ Ω( ) yields:

− = −A ψ I ϕ I q E χΩ Ω Σ Ω( ) ( ) ( ) ,s V V (16)

where

= ⋯

= ⋯

χ χ χ χ

E E E EΩ Ω Ω Ω

[ ]

( ) [ ( ) ( ) ( )]

T T T T
1 2 6

1 2 6 (17)

The indices 1 through 6 represent respectively
− + − + − +x x y y z z, , , , , interfaces. Hence the even-parity flux vector is
solved by

= + −− −A I ϕ q A E χψ Ω Ω Σ Ω Ω( ) ( ) [ ] ( ) ( ) .1
V s

1 (18)

To proceed, we must first eliminate the scalar flux from the right
side of this equation. Integrating Eq. (18) over angle, we obtain

∫ ∫= ⎡
⎣⎢

+ ⎤
⎦⎥

−− −ϕ A I ϕ q A E χd dΩ Σ Ω ΩΩ ( ) Ω ( ) ( ) ,1
V s

1

(19)

which can be written in a more compact form

= + −ϕ I Hϕ HI q MχΣ .s V V (20)

The relevant matrices are defined in Table 1. To evaluate the an-
gular integrals, Square Legendre-Chebyshev cubature is utilized. Next,
by defining the matrix

= −Z I I HΣ ,s V (21)

Eq. (20) is solved to get the scalar flux

= −− −ϕ Z HI q Z χM .1
V

1 (22)

Inserting this expression into Eq. (18) we obtain the even-parity flux
within the node in terms of the group source and the odd-parity flux on
the interfaces

= + − +− − − −A I I Z H I q A E I Z M χψ Ω Ω Σ Ω Ω Σ( ) ( ) [ ] ( ) [ ( ) ] .1
s V

1
V

1
s V

1

(23)

2.4. Interface continuity conditions

The odd-parity coefficient vector χ is defined to be continuous
across nodal interfaces. Requiring Eq. (16) to be stationary with respect
to variation in χ yields the following conditions that the even-parity
flux also must be continuous across the lateral and axial interfaces:

∫=φ E ψd Ω ΩΩ ( ) ( ).T
(24)

Inserting Eq. (23) into Eq. (24) yields

∫= + − +− − −φ E A I I Z H I q E I Z M χd Ω Ω Σ Ω ΣΩ ( ) ( ) {[ ] [ ( ) ] }.T
V

1
s V

1
s V

1

(25)

For brevity Eq. (25) is rewritten in terms of the matrices given in
Table 1:

= + − +− −φ M I I Z H I q L I M Z M χΣ Σ[ ] [ ] .T T
s V

1
V s V

1 (26)

2.5. Nodal response matrix equations

To obtain the nodal response matrix we first write Eq. (26) in the
more compact forms:

= −φ Uq Gχ (27)

Likewise, we can write Eq. (22) for the scalar flux in the form

= −ϕ Vq Cχ (28)

To recast Eq. (27) in response matrix form, as is often utilized in the
standard VNM (Lewis et al., 1996), a transformation of variables is
employed, which in diffusion theory reduces to the relationship be-
tween partial currents and interfacial fluxes:

= ±±j φ χ1
4

1
2

. (29)

+j and −j correspond respectively to neutrons entering and leaving the
node. Eliminating φ and χ between Eqs. (27) and (29) yields the re-
sponse matrix equation,

= ++ −j Bq Rj , (30)

where

= ⎛
⎝

+ ⎞
⎠

⎛
⎝

− ⎞
⎠

−
R G I G I1

2
1
2

,
1

(31)

and

= ⎛
⎝

+ ⎞
⎠

−
B G I U1

2
1
2

.
1

(32)

Among all aforementioned equations, coefficient matrices are con-
structed using the relations shown in Table 1.

2.6. The generalized partitioned matrix algorithm

The partitioned matrix (PM) algorithm has long been an important
legacy method to accelerate the variational nodal method. The ap-
proach aims at accelerating the iterative solution of the response matrix
equation, i.e. Eq. (30), by firstly partitioning the matrix system into low
order and high order ones, and then converging the low order equation
utilizing the high order contributions as correction terms (Carrico et al.,
1992). The method has proven to be an efficient way of reducing the
computational cost expended on within-group iterations. However, for

Table 1
Coefficient matrices.

= ∑ +=A P IΩ Σ( ) Ω Ωi j x y z i j i j, , , , t V

= ⊗−E Y DΩ Ω( ) Ω ( )γ γ γ
T

γ,

∫= ∇ ∇ =−P f fdV i j x y zΣ ( )( ) , , ,ij i j T
t

1

∫= = ± ± ±D f fdS γ x y z| , ,γ T γ

∫= −H Ad ΩΩ ( ) 1

∫= −M A Ed Ω ΩΩ ( ) ( )1

∫= −L E A Ed Ω Ω ΩΩ ( ) ( ) ( )T 1

= + −U M I I Z H IΣ[ ]T s V 1 V

= + −G L I M Z MΣ[ ]Ts V 1

= −V Z HI1 V

= −C Z M1

= −Z I I HΣs V
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practical nuclear reactors, the dominance ratios are generally close to 1,
indicating that the lengthy outer iterations would dominate the effi-
ciency of the method. In order to reduce the number of outer iterations,
Li et al. (2015) extended the PM method to a more general form that
covers both the response matrix equation, Eq. (30), and the flux solu-
tion equation, Eq. (28). For brevity we name it as the generalized
partitioned matrix (GPM) method. Therein, a low order system is
constructed by partitioning these two equations simultaneously; next,
the standard power iteration is applied to solve the low order system;
eventually, solutions of the low order system are utilized to correct the
solution of the full matrix system. However, the work of Li et al. (2015)
was confined only to diffusion calculations. Therefore, it is necessary to
improve the approach to transport capability and investigate its effi-
cacy. Moreover, as will be shown, the GPM method for the transport
calculation requires more deliberate treatments in the boundary con-
ditions than for the diffusion theory. In the following context we give
the detailed derivation of the GPM method for use in the transport
calculation.

The source terms in the above equations can be expressed as

∑ ∑= + +
′<

′ ′
′>

′ ′q ϕ ϕ χ f
k

Σ Σ 1
g

g g
gg g

g g
gg g

eff
gs s

(33)

where

∑=
′

′ ′f ν ϕΣ
g

g gf
(34)

Partition the solution vectors into low order terms denoted with α
and high order terms denoted with β:
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In this work, we select flat terms of ϕg and jg to be the α terms, and
the rest high order terms taken as β terms. Note that ϕg

α and f α are both
scalars, representing the averaged neutron flux and fission rate within
the node. Thus the flux solution equation becomes

⎡
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And the response matrix equation becomes

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

=
⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

+
⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

+

+

−

−

j

j

R R

R R

j

j

B B

B B q

q
.

g
α

g
β

g
αα

g
αβ

g
βα

g
ββ

g
α

g
β

g
αα

g
αβ

g
βα

g
ββ

g
α

g
β

(37)

Thus it can be simplified that

̃= − − ++ −C j jϕ V q s( ) [ ] ,g
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For the GPM acceleration to the diffusion method (Liang et al.,
2018), treatments of reflective and vacuum boundary conditions can be
performed in straightforward ways: for reflective boundary conditions,
incoming currents are set equal to outgoing ones; while for the vacuum
boundary condition, incoming currents are set to zero. However, the
GPM acceleration to the transport method calls for corrections of the
low order system to maintain the consistency between the low order
calculation and the high order calculation. To do so, it is important that

boundary conditions be partitioned accordingly as well, otherwise the
inconsistency between the low order and high order calculations will
cause instability to the iterations. As has been illustrated (Smith et al.,
2014; Lewis et al., 1996), treatments of boundary conditions for
transport can be expressed in a general form

=− +j T j ,g g g (43)

in which Tg is a matrix imposing the response between the outgoing and
incoming neutron current moments. Detailed derivations of Tg are
omitted as they can be found in abundant literatures (Smith et al., 2014;
Lewis et al., 1996). In GPM, the response of the current terms is par-
titioned as

⎡
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g
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(44)

which can be transformed into

= + =∼ ∼− + +j T j s s T j;g
α

g
αα

g
α

g
bc α

g
bc α

g
αβ

g
β, ,

(45)

To proceed, we define = ⋯c [1 0 0]T with the dimension of Nv;
̃ ̃ ̃ ̃=c Diag c c c[ ]T

0
T

0
T

0
T in which ̃ = ⋯c [1 0 0]T

0 with the same
dimension as Ns. To sum up, the flow chart of the GPM for the transport
calculation is illustrated in Fig. 1.

3. Numerical results

The forgoing integral variational nodal method (namely ‘the

Fig. 1. Flow chart of the GPM acceleration method.

T. Zhang et al. Nuclear Engineering and Design 337 (2018) 419–427

422



integral method’) is implemented in a Fortran 90 code VITAS
(Variational-Integral-Transport-Analysis-Solver). Considered as a
counterpart of the integral method, the standard variational nodal
method (named as ‘the standard method’) based on the PN discretiza-
tion (Smith et al., 2003) is also incorporated. To examine the cost-ac-
curacy trade-off of the proposed integral method, we employ VITAS on
TAKEDA benchmark cases (Takeda and Tamitani, 1988). For brevity,
the detailed problem geometry, material layouts and Monte Carlo re-
ference results are omitted in this paper.

For a PN order interfacial approximation, the L matrix in Table 1
results in an integration of the angular variable with the maximum
power of +N2 4. As is known, the Gauss-quadrature with m points
guarantees the exact integral for polynomials of degree 2m−1. There-
fore, for the integration of the angular dependent matrices,

+ × +N N( 3) ( 3) Square Legendre Cubature is employed for a PN an-
gular discretization. In addition, results and computational costs by the
standard PN discretization as employed in the VARIANT code (Smith
et al., 2014) are also provided for comparisons. Meanwhile, to make
systematic analyzes, the spatial polynomial order and the PN order are
investigated extensively to investigate the uncertainties caused by error
cancellations.

The calculations are performed in serial on an Intel Core i7-7700
CPU. For the TAKEDA benchmark cases, neutron fluxes are normalized
according to the relation

∫∑ =
′=

′ ′ν ϕ r dVΣ ( ) 1.
g

G

g g
1

f,
(46)

Besides, the maximum iteration times of Red-Black iterations and
multi-group iterations are 5 and 5, while the convergence tolerance of
eigenvalues, fission rates and neutron fluxes are set as × −1 10 5,

× −5 10 4, × −5 10 4, respectively.

3.1. Study on the accuracy

In this section, the TAKEDA benchmark cases are employed to
compare the cost-accuracy trade-offs between the integral method and
the standard method. The detailed problem description can be found in
literature thus will not be elaborated here. All cases are meshed with

× ×5 cm 5 cm 5 cm nodes, yielding a total number of 125, 5880 and
18,432 meshes respectively for TAKEDA I through TAKEDA III cases.
The standard Red-Black iteration and the power iteration are per-
formed.

To begin with, in order to eliminate the discrepancies resulted from
spatial approximations, four different polynomial combinations are
tested on the TAKEDA I rod-in case (control rods inserted), using the
standard method with P1 angular approximation. As is clearly illu-
strated in Table 2, the 6th order volumetric approximation along with
the 2nd order interfacial approximation are adequate to remove the
errors caused by the spatial approximations, since further increases in
angular order cause insignificant improvements to the eigenvalues.
Therefore, this set of spatial discretization scheme is employed
throughout all following calculations.

Table 3 tabulates the accuracies versus PN orders for the TAKEDA I
cases. The reference solutions are obtained by Monte Carlo caculations.
Results of eigenvalues and the averaged neutron fluxes are compared.
For brevity, only the fluxes of the fuel and reflector regions are listed.

With increasing PN order, both methods present asymptotic con-
vergence towards the reference solution. For instance, in both rod-in
and rod-out cases, P5 yields less than 50 pcm eigenvalue errors and less
than 1.0% neutron flux errors using both methods. Nevertheless, it
should be pointed out that the integral method exhibits superior ac-
curacy over the standard method, especially for low order calculations
such like P1 and P3. As is shown, compared to P1 standard calculations,
P1 integral substantially reduces the eigenvalue error as well as the
reflector neutron flux errors by an order of magnitude. Moreover, as
indicated in Fig. 2, the integral method results in more rapid con-
vergence while interfacial angular orders are increased. These beha-
viors are attributed to the applications of high order angular cubatures
within nodes, which more accurately capture the neutron flux varia-
tions. Besides, it is noticed that the integral method tends to over-
estimate the eigenvalues, while the standard method behaves contra-
rily. This distinction is attributed to the different angular treatments: in
terms of interfacial approximations, the two methods are identical, i.e.
PN approximations; whereas for within node approximations, the
standard approach employs the PN expansion but the integral approach
employs the integral treatment of coefficient matrices.

Tables 4 and 5 compares the eigenvalue errors and flux errors of the
TAKEDA II benchmark rod-in and rod-out cases. Similar as what shown
in the TAKEDA I comparisons, the integral method presents superior
accuracy in Table 4. For instance, with P1, eigenvalue errors of both the
rod-in and the rod-out decrease by over 400 pcm using the integral
method, whereas further increase in the PN order produces insignificant
increase in eigenvalue accuracy. Similar phenomenon is observed in
Table 5: while comparing with P1 standard, P1 integral yields sub-
stantial reduction in 1st group flux errors of the blanket regions by
around 5%, and the control rod region by over 4%.

To proceed, Table 6 tabulates the pcm eigenvalue error of the TA-
KEDA III benchmark cases with increasing PN order. Therein, ‘rod-re-
placed’ represents the case in which the control rods are replaced ac-
cordingly by fuel or blanket materials. Neutron flux errors are omitted
in this part due to excessively large amount of data – and it should be
noted flux errors exhibit similar trends as those in Table 5. The
asymptotically converged neutron flux errors with P7 are minimal for
both cases with the maximum values being less than 1.0%.

Again, it is shown in Table 6 that increasing the angular order
causes pronounced improvements in accuracy. Take the transition from
P1 integral to P3 integral as an example, the error decreases from
244 pcm to 90 pcm for the rod-in case. Additionally, further increase in
PN order to P5 incurs a 25 pcm improvement in accuracy, and the up-
grade to P7 causes negligible change. This implies the asymptotic
convergence with respect to PN order. In the meantime, for the rod-out
case, high order PN results present noticeable errors of over 100 pcm,
which is likely to be caused by cancellation of errors considering that
the rest cases take on good agreements with reference solutions.

3.2. Study on computational costs

Variational nodal calculations are performed in two steps: a)
forming the nodal response matrices and b) iterative solution of the
resulting response matrix equations. On the one hand, as is expressed in
Eqs. (11) and (12), treatments of the scalar flux and angular flux in the
integral method differ essentially from the standard method. The ex-
pression of the flux expansion incorporates the angular dependency
implicitly, which remarkably reduces the length of the flux solution
vector. On the other hand, the integral method calls for the employment
of full interfacial PN moments instead of removing the +N( 1)/2 an-
gular terms (Smith et al., 2003), therefore the length of neutron current
moments is increased to a certain extent. These effects trigger the
dramatic counteraction between the within-group iterations and the
outer iterations, because the increased number of interfacial angular
terms incurs longer within-group iteration (Red-Black iterations) time,
while the reduced number of neutron flux moments results in less CPU

Table 2
Eigenvalues v.s. spatial discretization orders for the TAKEDA I rod-in case.

Volumetric Order Interfacial Order Eigenvalue

4 0 0.93373
5 1 0.93238
6 2 0.93235
7 3 0.93235
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time expended on flux update and source update.
However, it should be noted that the integral method provides

prominent advantages in reducing both the CPU time costs on forming
response matrices and the memory storage (Smith et al., 2004). It is
because the integral method eases the burden of matrix inversions by
replacing the storage and inversion of a considerably large matrix by
storage and multiple inversions of significantly smaller matrices. These
merits become particularly pronounced when high order angular ex-
pansions are required to obtain sufficiently accurate results.

What’s more, for practical use, which is often the case of fuel cycle
analysis, formation of response matrices tends to become the dom-
inating force that hinders the efficiency. With the evolution of the re-
actor’s depletion, every spatial node will exhibit unique isotopic com-
positions, producing hundreds of thousands of unique response
matrices. Under this circumstance, it is imaginable that the gains with
using the integral method will become much more prominent.

To investigate the cost-effectiveness of the two methods, Fig. 3
compares the computational costs of the TAKEDA I benchmark. The
response matrix formation time (denoted as RM), the solution time and
the memory storage are listed. Considering practical cases when de-
pletion calculations are performed, each fissionable node is treated as a

unique node, i.e. the response matrix is formed and stored in-
dependently. Besides, for clarity the CPU times and the memory
storages are normalized by setting the response matrix formation time
and memory of P9 standard respectively to 100 units.

It can be observed in Fig. 3 that both the CPU time and the memory
storage grow with the increase in PN orders. However, noticeable dif-
ferences in computational costs between the integral method and the
standard PN method are observed. Let V be the number of within-node
spatial degrees of freedom. For the standard method, an Nth order PN
expansion produces +N N( 1)1

2 angular terms within each node. Thus,
to obtain response matrices for use in the standard method, the inver-
sion of a coefficient matrix of dimension +VN N( 1)1

2 must be per-
formed. This matrix represents the bulk of the memory storage and
computational time when forming response matrices for the standard
method. In contrast, the integral method requires a number of +N( 3)2

times matrix inversions of A Ω( ) with dimension V. Since the number of
floating point operations of inverting a ×n n matrix is of the order of
n3, the matrix inversions in the integral method can be performed more
efficiently with increasing the angular order N (Yang et al., 2001).

Besides, the solution times are comparably minor compared with
the response matrix formation times, especially when high PN orders
are applied. Take P7 as an example, the ratio of the solution time to the
response matrix formation time is 0.07 for the standard method, and
0.14 for the integral method. What’s more, this number tends to become
more minimal (less than 0.05) when the problem size increases, such as
that of the TAKEDA III benchmark. Hence it is reasonable to conclude
that the formation time of response matrices dominants the total CPU
time cost when the methods are applied to practical fuel cycle analysis.
Next, the integral method yields considerable reductions in computa-
tional costs. As demonstrated in Fig. 3, with P9 the gains by using the
integral approach are 56% in the memory storage and 81% in the re-
sponse matrix formation time.

It should also be stated that the computational costs for the TAKEDA
II and III cases present similar trends as the TAKEDA I cases, except that
the response matrix formation time proves more dominating (over 90%
of the total computational time) in the overall efficiency. Taking into
consideration of the legacy PM algorithm or the GPM algorithm ela-
borated in this paper, the matrix solution time will be more minimal
compared to the response matrix formation time for practical problems.
For this reason, in the aforementioned section, only the TAKEDA I case
is elaborated.

3.3. Study on the GPM algorithm

In order to examine the efficacy of the GPM algorithm, we compare
the GPM algorithm with a series of iteration algorithms in this section.

Table 3
Accuracy comparisons of the TAKEDA I benchmark cases.

Case Eigenvalue Error – pcm Flux Error – %

Fuel Region Reflector Region

Standard Integral Standard Integral Standard Integral

G1 G2 G1 G2 G1 G2 G1 G2

rod-in P1 −3000 221 −3.1 0.3 1.9 −0.6 12.4 10.9 −5.4 −3.4
P3 −140 −2 −0.9 −0.1 0.4 −0.3 0.8 0.8 −1.0 0.1
P5 −48 −16 −0.5 −0.2 0.1 −0.3 0.1 0.3 −0.7 0.3
P7 −39 −13 −0.4 −0.2 0.0 −0.2 −0.1 0.3 −0.5 0.3
P9 −21 −12 −0.3 −0.2 −0.1 −0.2 −0.2 0.2 −0.5 0.3

rod-out P1 −4893 598 −2.6 0.7 3.3 −0.3 14.9 11.7 −6.9 −4.5
P3 −550 153 −0.3 0.3 1.2 0.1 1.8 1.0 −1.0 −0.1
P5 −235 44 0.1 0.2 0.8 0.1 0.8 0.3 −0.4 0.2
P7 −153 16 0.3 0.2 0.7 0.1 0.4 0.2 −0.2 0.2
P9 −102 −2 0.4 0.2 0.6 0.2 0.3 0.2 −0.1 0.2

Fig. 2. Convergence trends with PN order of the TAKEDA I benchmark cases.

Table 4
Pcm eigenvalue error comparisons of the TAKEDA II benchmark cases.

rod-in rod-out

P1 P3 P5 P7 P9 P1 P3 P5 P7 P9

Standard −562 −51 −34 −29 −36 −438 35 19 30 42
Integral 19 −1 −11 −14 −16 37 45 38 36 35
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The 3D quarter-core PWR problem as employed in the literature (Li
et al., 2015) is employed to coincide with the large dominance ratio
rooted in practical nuclear reactors. The configuration of the problem is
shown in Fig. 4. There are 5 types of fuel assemblies named as A to E,
made up of 5 different materials. Assemblies E and C represent re-
spectively partially inserted and fully inserted control rods. Assembly D
is the reflector; the rest are fuel assemblies. A × ×20 cm 20 cm 20 cm
meshing scheme is used in the entire problem, yielding a total of 1539
spatial nodes. The spatial orders of the within node and interfacial node
polynomial orders are taken as 6th and 2nd, depending on the sensitivity
analysis performed in Section 3.1. To maintain consistency, we utilize
the same iteration parameters as those described at the beginning of
Section 3. In addition, the PM acceleration is performed by converging
the quasi-diffusion equation accompanied by 2 final red–black sweeps
(Carrico et al., 1992).

For the sake of sufficient accuracy, the P5 approximation with the
integral method is employed for comparisons. The total cross-sections
(XSs) are not provided in the literature (Li et al., 2015) since that work
was based upon the diffusion theory. Hence we convert the diffusion
coefficients therein into total XSs accordingly, as shown in Table 7.

Figs. 5 and 6 compare the convergence curves of the standard
iteration algorithm (i.e. the power iteration along with the Red-Black
iteration, denoted as ‘standard’), the legacy PM algorithm (denoted as
‘PM’), the GPM algorithm, and also the joint use of PM and GPM (de-
noted as ‘GPM+PM’). The x axis of Fig. 5 stands for the number of
outer iterations, and the x axis of Fig. 6 stands for the CPU time. For

both figures, y axis corresponds to the L2 norm of fission source error.
The computational results of all four sets of computations are identical.
Besides, the response matrix formation processes are exactly the same
thus will not be discussed in this section.

The calculations employing the standard iteration scheme and the
PM method both take 104 outer iterations. Based on Fig. 5, it is obvious
that the PM method is hardly valid for the acceleration of outer itera-
tions. Rather, the PM method yields gains in the within-group iterations
that decently accelerate the calculation, as shown in Fig. 6. Upon
convergence, the CPU times consumed on the matrix equation solution
of the two are respectively 625 s and 287 s: 54% of the computational
time is reduced by the PM method. In contrast, the GPM method results
in superior efficiency by remarkable reduction in the number of outer
iterations. With GPM, only 10 outer iterations are required, and the
CPU time becomes 68 s, accelerating the computation by a factor of 9.1.

Moreover, it is reasonable to postulate that PM, which accelerates
inner iterations, and GPM, which accelerates outer iterations, can co-
operate to arrive at an even higher efficiency. As is shown in Fig. 5, the
combined implementation of GPM and PM results in similar con-
vergence trend as using only GPM; however, the CPU time cost is fur-
ther reduced to 29 s, yielding a considerable speed-up ratio of 20.6
compared with the standard iteration.

4. Conclusions

This paper presents an improved VNM for the efficient and accurate

Table 5
Percentage regional flux errors comparisons of the TAKEDA II cases.

Integral Standard

P1 P3 P5 P7 P9 P1 P3 P5 P7 P9

Rod-in Fuel G1 0.5 0.1 0.0 0.0 0.0 −0.8 −0.2 −0.1 −0.1 −0.1
G2 0.1 0.0 0.0 0.0 0.0 −0.2 0.0 0.0 0.0 0.0
G3 0.0 0.0 0.1 0.1 0.1 0.0 0.1 0.1 0.1 0.1
G4 −0.4 −0.2 −0.2 −0.2 −0.2 −0.1 −0.2 −0.2 −0.2 −0.2

Axial Blanket G1 −5.2 −0.9 −0.4 −0.2 −0.1 10.7 1.2 0.4 0.2 0.1
G2 −0.9 0.3 0.3 0.3 0.3 3.2 0.3 0.2 0.2 0.2
G3 −0.7 0.2 0.3 0.2 0.2 1.2 0.1 0.2 0.2 0.2
G4 −0.5 0.4 0.4 0.4 0.4 0.1 0.2 0.3 0.3 0.3

Radial Blanket G1 −3.8 −0.8 −0.4 −0.3 −0.2 9.4 0.9 0.3 0.2 0.1
G2 −0.8 0.1 0.1 0.1 0.1 3.1 0.1 0.1 0.1 0.1
G3 −0.8 −0.1 −0.1 −0.1 −0.1 1.2 −0.2 −0.1 −0.1 −0.1
G4 −1.2 −0.4 −0.4 −0.4 −0.4 0.1 −0.6 −0.5 −0.5 −0.5

Control Rod G1 −7.8 −2.1 −1.0 −0.6 −0.4 12.6 3.0 1.1 0.5 0.2
G2 −2.1 −0.3 −0.1 0.0 0.0 6.7 0.9 0.3 0.2 0.1
G3 −1.2 −0.2 −0.1 0.0 0.0 4.8 0.4 0.1 0.0 0.0
G4 −2.0 −1.0 −0.8 −0.8 −0.8 4.4 −0.2 −0.5 −0.6 −0.7

Rod-out Fuel G1 0.6 0.2 0.1 0.1 0.0 −0.8 −0.1 0.0 0.0 0.0
G2 0.0 0.0 0.0 0.0 0.0 −0.3 0.0 0.0 0.0 0.0
G3 −0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
G4 −0.4 −0.2 −0.2 −0.2 −0.2 0.0 −0.1 −0.2 −0.2 −0.2

Axial Blanket G1 −5.7 −1.4 −0.9 −0.7 −0.6 10.2 0.7 0.0 −0.3 −0.4
G2 −1.0 0.1 0.1 0.1 0.1 3.1 0.1 0.1 0.1 0.1
G3 −0.8 0.1 0.1 0.1 0.1 1.1 0.0 0.0 0.0 0.0
G4 −1.6 −0.7 −0.7 −0.7 −0.7 −1.0 −0.9 −0.8 −0.8 −0.8

Radial Blanket G1 −3.7 −0.6 −0.2 −0.1 0.0 9.6 1.1 0.5 0.4 0.3
G2 −0.9 0.0 0.0 0.0 0.0 3.0 0.0 0.0 0.0 0.0
G3 −0.8 0.0 0.0 0.0 0.0 1.3 −0.1 0.0 0.0 0.0
G4 −0.8 0.0 0.1 0.0 0.0 0.5 −0.1 0.0 0.0 0.0

Table 6
Pcm eigenvalue error comparisons of the TAKEDA III benchmark cases.

rod-in rod-out rod-replaced

P1 P3 P5 P7 P1 P3 P5 P7 P1 P3 P5 P7

Standard −668 −23 20 27 −426 88 120 129 −369 43 53 55
Integral 244 90 65 57 292 178 158 151 131 72 65 63
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solution of 3D steady-state multi-group neutron transport equation.
Herein, the variational functional is constructed that reproduces the
even parity neutron transport equation with isotropic scattering.
Orthogonal polynomials are employed in the spatial domain to describe
the neutron flux variations along all three directions. The within-node
angular fluxes are discretized using an integral approach that sub-
stantially accelerates the formation of response matrices and saves the
memory storage, particularly when high order PN calculations are
performed. In the meantime, the generalized partitioned matrix algo-
rithm (GPM) compatible with the transport theory is implemented to
accelerate the outer iterations.

The accuracy-efficiency trade-off of the proposed method is ex-
amined with a series of test cases. Studies on the spatial polynomials

and the angular orders are performed. For low order angular approx-
imations, the integral method exhibits superior accuracy than the
standard method by an order of magnitude in eigenvalue, and by a 5%
improvement in regional neutron flux errors. For high order angular
approximations, the method yields a 56% gain in the memory storage
and an 81% gain in the CPU time. In addition, for practical reactor core
problem, the GPM method results in an acceleration ratio of 9.1 by
considerably reducing the number of outer iterations. Moreover, the
GPM method appears to be compatible with the legacy PM method: the
combination of the two yields a remarkable speed-up ratio of 20.6

Fig. 3. Comparisons of computational costs of the TAKEDA I benchmark rods-in case.

Fig. 4. The configuration of the PWR problem.

Table 7
The two-group XSs (cm−1) of the PWR problem.

Material Group Σg
t νΣg

f
−Σg

s
1 −Σg

s
2

1 1 0.222 0.000 0.192 0.020
2 0.833 0.135 0.000 0.753

2 1 0.222 0.000 0.192 0.020
2 0.833 0.135 0.000 0.748

3 1 0.222 0.000 0.192 0.020
2 0.833 0.135 0.000 0.703

4 1 0.167 0.000 0.127 0.040
2 1.111 0.000 0.000 1.101

5 1 0.167 0.000 0.127 0.040
2 1.111 0.000 0.000 1.056

Fig. 5. L2 norm of fission source error versus the number of outer iterations.
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compared with the standard iteration scheme. Therefore, this work
appears to be a promising approach for accurate and efficient solutions
of the 3D steady-state multi-group neutron transport equation.

It should also be mentioned that for practical problems, the for-
mation of the response matrices remains computational intensive. With
a parallelized code, the situation will become different. In principle, the
formation of each response matrix may be assigned to a separate pro-
cessor since the calculations are naturally independent. For practical
reactor core problems with tens of thousands of unique response ma-
trices, the parallelization would become an ideal means to expect large
speed-ups. For the parallel solution of the resulting response matrix
equations, non-overlapping domain decomposition seems ideally suited
to allow problems with many more fuel assemblies and/or energy
groups to be treated efficiently employing the method explored in this
work. Work is underway toward the parallelization of the VITAS code.
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